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Abstract. We investigate the problem when the strong dual of a projective limit of (LB)-
spaces coincides with the inductive limit of the strong duals. It is well-known that the
answer is affirmative for spectra of Banach spaces if the projective limit is a quasinormable
Fréchet space. In that case, the spectrum satisfies a certain condition which is called “strong
P-type”. We provide an example which shows that strong P-type in general does not imply
that the strong dual of the projective limit is the inductive limit of the strong duals, but
on the other hand we show that this is indeed true if one deals with projective spectra of
retractive (LB)-spaces. Finally, we apply our results to a question of Grothendieck about
biduals of (LF)-spaces.
Keywords: derived projective limit functor, Retakh’s condition, weakly acyclic (LF)-
spaces
MSC 2000 : 46A13, 46M15
1. Introduction
The duality between countable projective limits and countable inductive limits has
played a significant role in the theory of locally convex spaces and its applications.
We refer for example to Section 1 of Komatsu’s article [10]. The naive idea that the
strong dual of a Fréchet space (i.e. a reduced countable projective limit of Banach
spaces) must be the countable inductive limit of the strong duals is false in general,
as was shown by Grothendieck and Köthe, cf. [11, §27]. The Fréchet spaces for
which this idea really works are called distinguished. They had been studied by
Dieudonné, Schwartz and Grothendieck, but they were thoroughly investigated in
the 80’s; we refer e.g. to the survey article [3]. Investigations of operators defined
on spaces with a more complicated structure, like the spaces of ultradifferentiable
functions of Roumieu type, motivated important advances in the theory of projective
spectra of (LB)-spaces and its applications to surjectivity problems. In fact recent
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progress in the theory of projective spectra of (LB)-spaces [6, 8, 16, 17, 19, 20] has
led to many applications in analysis to surjectivity problems e.g. in [5], existence of
right inverses [8,15], or vector-valued real-analytic functions [4]. In this article we
analyze the following natural question: when is the strong dual of a projective limit
of inductive limits of Banach spaces the inductive limit of the projective limits of the
strong duals of the Banach spaces? Applications, examples and related results for
weighted (LF)-spaces of holomorphic functions and infinite dimensional holomorphy
can be found in [1].
We use standard notation for locally convex spaces like in [11, 14]. For a locally
convex space X we denote by U0(X) and B(X) the systems of absolutely convex
0-neighbourhoods and bounded sets, respectively.
By a projective spectrum X = (Xn, nm) we mean a sequence (Xn)n∈  of linear
spaces (over the same field of real or complex numbers) and linear spectral maps
nm : Xm → Xn, n  m, satisfying
nm ◦ mk = nk and nn = idXn for n  m  k.






Xn : nm(xm) = xn for all n  m
}
,
and it is endowed with the topology induced by the product if the Xn are locally
convex spaces and the spectral maps are continuous; moreover, n : ProjX → Xn












and Proj1 X =∏
 
Xn/ Im(Ψ).
A projective spectrum X = (Xn, nm) consisting of locally convex spaces is said to
be of strong P-type if
∀n ∈   ∃Bn ∈ B(Xn),m  n ∀ k  m,D ∈ B(Xm) ∃K ∈ B(Xk)
nm(D) ⊆ nk (K) +Bn.
In [8] it is shown that in this case the sequenceBn can be chosen to satisfy, in addition,
nn+1(Bn+1) ⊆ Bn, and then a result of Vogt [16, Theorem 4.9] implies that Ψ lifts
bounded sets if X consists of regular (LB)-spaces; in particular Proj1 X = 0. If a
projective spectrum of strong P-type consists of Banach spaces, its projective limit
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is a quasinormable Fréchet space, hence its strong dual coincides with the inductive
limit of the strong duals. A locally convex space is called distinguished if its strong
dual is barrelled. A metrizable locally convex space is distinguished if and only if
its strong dual is bornological. Every quasinormable Fréchet space is distinguished;
cf. [11].
It could have been hoped that also in the general case the strong P-type condition
would be sufficient to deduce that the strong dual of ProjX equals the inductive
limit of the strong duals. We present in Section 3 an example which destroys this
hope. On the other hand, we show in Theorem 1 that the desired result holds for
projective limits of retractive (LB)-spaces. This has consequences for a problem of
Grothendieck [9, Question non résolue 8] whether the bidual of a strict (LF)-space
is again an (LF)-space.
2. Projective spectra of retractive (LB)-spaces
An inductive limit E = indnEn is called (sequentially) retractive if every null
sequence in E is a null sequence in some step. For (LF)-spaces this sequential re-
tractivity is equivalent to many other regularity conditions (like bounded retractivity
or acyclicity, see [19]) and, in particular, an (LF)-space is retractive if and only if
it is regular (i.e. every bounded set in E is bounded in some En) and satisfies the
strict Mackey condition. We recall that according to Grothendieck [9], a locally con-
vex space X satisfies the strict Mackey condition (sMc) if each bounded set A of X
is contained in an absolutely convex bounded set B whose Minkowski functional
induces the original topology on A.
Theorem 1. Let X = (Xn, nm) be a projective spectrum of retractive (LB)-
spaces which is of strong P-type. Then the strong dual of ProjX is bornological and
equals the inductive limit indn(X ′n, β(X
′
n, Xn)).
Note that the inductive limit of the strong duals need not be injective. However, in
most interesting cases, n(ProjX ) is dense in Xn. We call such a projective spectrum
reduced, and in the reduced case, the inductive limit of the duals is indeed injective.
To prove the theorem we start with a lemma of Meise and Vogt [11, Lemma 26.10].
There, it is only formulated for Fréchet spaces, but the version we need follows with
exactly the same proof.
Lemma 1. Let 0 → E i→ F q→ G → 0 be an algebraically exact sequence of
locally convex spaces such that i is a topological embedding and q is continuous. If
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the condition
∀B ∈ B(G) ∃D ∈ B(F ) ∀U ∈ U0(F ) ∃V ∈ U0(G)()
B ∩ V ⊆ q(D ∩ U)
holds, then it : F ′β → E′β is open.
It is easy to see that () implies that q lifts bounded sets, i.e. every bounded
set in G is contained in the image of some bounded subset of F (put U = F in
condition ()).
Our next simple result gives a partial converse. It also yields a different proof of
[11, Lemma 26.11].
Lemma 2. Let 0 → E i→ F q→ G → 0 be as in Lemma 1 and assume that q
lifts bounded sets and G satisfies the strict Mackey condition. Then it : F ′β → E′β is
open.
 . Given B ∈ B(G) there is K ∈ B(G) with B ⊆ K such that the
Minkowski functional pK induces the same topology on B as the topology of G.
Choose D ∈ B(F ) with K ⊆ q(D). Given U ∈ U0(F ) we find ε ∈ (0, 1) with εD ⊆ U .
Using the coincidence of the topologies above, we find V ∈ U0(G) with B ∩V ⊆ εK.
We obtain
B ∩ V ⊆ εK ⊆ εq(D) = q(εD ∩ U) ⊆ q(D ∩ U).
Now, Lemma 1 gives the conclusion. 
If q lifts bounded sets, then clearly qt : G′β → F ′β is a homomorphism (it would be
sufficient that q lifts bounded sets with closure). Therefore, we have the following
consequence:
Corollary 2. Let 0 → E i→ F q→ G → 0 be a topologically exact sequence
of locally convex spaces such that G satisfies the strict Mackey condition and q
lifts bounded sets. Then the dual sequence 0 → G′β
qt→ F ′β
it→ E′β → 0 is again
topologically exact.
  of Theorem 1. Let E = ProjX , F = G = ∏
 
Xn, let i be the canonical
embedding and q = Ψ. Clearly, E is a topological subspace and q is continuous. Since
X is of strong P-type, q lifts bounded sets and, in particular, 0→ E i→ F q→ G→ 0
is algebraically exact.
Each Xn is a retractive (LB)-space and therefore satisfies (sMc). Since (sMc) is
stable with respect to countable products (see e.g. [14, Proposition 5.1.31]), G satis-






→ (ProjX )′β is open and
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X ′n,β and therefore itself an (LF)-space. This gives the conclusion.

In Section 3 we show that Theorem 1 is false without the assumption that each
step is a retractive (LB)-space. What can be said in the general case is contained in
our next result which is proved by a classical Mittag-Leffler argument, the proof of
which is inspired by [17].
Proposition 3. Let X = (Xn, nm) be a reduced projective spectrum of (LB)-
spaces which is of strong P-type. Then there are Un ∈ U0(X ′n,β) with Un ⊆ Un+1
and for each n ∈   there is m  n such that β(X ′m, Xm) and β((ProjX )′,ProjX )
coincide on Un.
 . By what we have said above, there are Bn ∈ B(Xn) with nn+1(Bn+1) ⊆
Bn such that
∀n ∈   ∃m  n ∀ k  m,D ∈ B(Xm) ∃K ∈ B(Xk)
nm(D) ⊆ nk (K) +Bn.
By passing to a subsequence of the projective spectrum—which does not change the
projective limit—we may reach that m = n+1 satisfies this condition. Replacing D
by ε−1D we obtain for every positive ε
∀ k  n+ 1, D ∈ B(Xn+1) ∃K ∈ B(Xk) nn+1(D) ⊆ nk (K) + εBn.
We will show that for each D ∈ B(Xn+1) there is A ∈ B(ProjX ) such that
(+) nn+1(D) ⊆ n(A) +Bn
holds. Then, the assertion of the proposition will follow by taking polars. Without
loss of generality let n = 1 and let us fix D ∈ B(X2). Then there is A3 ∈ B(X3) with
12(D) ⊆ 13(A3) + 2−1B1.
Proceeding by induction, we find bounded sets Ak ⊆ Xk, k  3 such that
kk+1(Ak+1) ⊆ kk+2(Ak+2) + 2−kBk.
Now, fix x ∈ 12(D) and find inductively ak ∈ Ak, k  3 with
x− 13(a3) ∈ 2−1B1 and kk+1(ak+1)− kk+2(ak+2) ∈ 2−kBk.
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∈ νk−1(2−k+1Bk−1) ⊆ 2−k+1Bν ,
the series above converges with respect to the complete topology Rν induced by the
Minkowski functional of Bν onXν , the limit ξν satisfies ξν = lim
k→∞
νk(ak) and belongs
to νν+2(Aν+2) +Bν . The continuity of 
ν
ν+1 with respect to the new topologies Rν









which is a bounded set in ProjX . Moreover, x − 1(ξ) = x − ξ1 = x − 13(a3) +∑
k3
1k+1(ak+1)− 1k(ak) ∈ 2−1B1 + 2−1B1 = B1. We have shown (+) and this gives
the conclusion. 
Corollary 4. Let X = (Xn, nm) be a reduced projective spectrum of (LB)-spaces
which is of strong P-type. Then
1. ProjX is quasinormable,
2. (ProjX )′β = indnX ′n,β if and only if (ProjX )′β is ℵ0-quasibarrelled.
 . By [17, Theorem 3.4], ProjX is barrelled, hence it is quasinormable if
and only if its strong dual satisfies (sMc). (ProjX )′β and indnX ′n,β have the same
bounded sets and the latter space is a retractive (LF)-space, hence it satisfies (sMc)
and it is regular. Now, Proposition 3 implies that the strong topology and the
inductive topology coincide on the bounded sets of (ProjX )′ and therefore (ProjX )′β
also satisfies (sMc).
The second part follows from Proposition 3 by the theory of generalized inductive
limits, see [14, Chapteers 8.1, 8.2] and in particular Proposition 8.2.4 there. 
3. An example
We will now construct a class of examples which show that Theorem 1 is not true
without the assumption that the steps of the projective spectrum are retractive. This
will be done in the frame of the so-called projective limits of Moscatelli type which
had been used for many counterexamples in Fréchet space theory and also in [2, 7]
to clarify the duality between (LF)-spaces and projective limits of (LB)-spaces.
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Let E,F be locally convex spaces and f : E → F a continuous linear map with














and nm = 
n
n+1 ◦ . . . m−1m . We set X (E
f→ F ) = (Xn, nm) and X = X(E
f→ F ) =
Proj(Xn, nm). It is easy to check that we have a canonical isomorphism
X(E
f→ F ) ∼=
{





if we endow the second space with the initial topology with respect to the inclusion
X ↪→ E  and f 
∣∣
X
: X → ⊕
 






f−1(Uk) : n ∈  , V ∈ U0(E), Uk ∈ U0(F )
}
,






(Bk ∩ ker(f)) : n ∈  , Bk ∈ B(E)
}
.






F ′β , and for the inductive limit of the strong
duals (with respect to (nn+1)
t) we have again a canonical isomorphism

















ϕn + f t(ψn)
)
n∈ 
is continuous and open. It is shown in [7] that the inductive spectrum X ′n,β is strict
if and only if f lifts bounded sets with closure, whereas Proj1 X (E f→ F ) = 0 if and
only if f is surjective. The following proposition complements this result. Its proof
is very similar to [7, Proposition 1] and therefore omitted.
Proposition 5. X (E f→ F ) is of strong P-type if and only if f lifts bounded sets.
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Proposition 6. For X = X(E
f→ F ) we have X ′β = X ′ind if and only if for each
B ∈ B(E) there is A ∈ B(E) with
f t(F ′) +A◦
σ(E′,E) ⊆ f t(F ′) +B◦.
 . We use the identifications explained above. The duality between X ∼={





and X ′ ∼=
⊕
 
E′ + f t(F ′)  is given by




Let now X ′β = X
′






f t(F ′) is a
0-neighbourhood in X ′ind. Hence there is D ∈ B(X) with D◦ ⊆ U . There are n ∈  







(Ak ∩ ker(f)) =: A.
Denote by prn and πn the projections onto the n-th component on E
  and (E′) ,
respectively. Then we have prn(A) = An ∩ ker(f) and hence
∏
k<n










⊇ f t(F ′) + (2An)◦
σ(E′,E)
.
But, B◦ + f t(F ′) = πn(U) ⊇ πn(A◦), and this implies the only if part.
To show the if part let U be a 0-neighbourhood in X ′ind ∼=
⊕
 
E′ + f t(F ′) . Then










F ′ =: V.
Choose Ak ∈ B(E) with Bk ⊆ Ak and f t(F ′) +A◦k









Then A is bounded in X and A◦ ⊆ V , because for (ψk)k∈  ∈ A◦ and k < n we have
ψk ∈ A◦k ⊆ B◦k and for k  n we have
ψk ∈ (Ak ∩ ker(f))◦ = Γ(A◦k ∪ f t(F ′)) ⊆ A◦k + f t(F ′) ⊆ B◦k + f t(F ′).
This proves that U contains a strong neighbourhood of zero, and since the inductive
topology is always finer than the strong topology we obtain X ′ind = X
′
β . 
Next, we investigate the condition of the last proposition in a special situa-
tion. Recall that an inductive limit F = indn Fn is weakly acyclic if the spectrum
X = (F ′n, rnm), where rnm denotes the transpose of the inclusion Fn ↪→ Fm, satisfies
Proj1 X = 0. For more information about such inductive limits we refer to [13, 18].
Lemma 3. Let F = indn Fn be an (LB)-space, E =
⊕
 





xn. Then the following conditions are equivalent:
1. For each B ∈ B(E) there is A ∈ B(E) with
f t(F ′) +A◦
σ(E′,E) ⊆ f t(F ′) +B◦.
2. F is weakly acyclic.
 . Suppose that 1 is satisfied. According to a classical result of Palamodov
[13, Theorem 5.3 and Corollary 5.1], F is weakly acyclic if and only if
∀n ∈   ∃m > n rnmF ′m ⊆ rnF ′ +B◦n,
where Bn is the unit ball of Fn and rnm and r
n are the restrictions F ′m → F ′n and




. Of course, we may assume Bn ⊆ Bn+1. Given





{0} ∈ B(E) and choose A according to 1. There is






f t(F ′) +A◦ ⊇ {(ϕ
∣∣
Fk











, . . . , ϕ
∣∣
Fm









, . . . , ϕ
∣∣
Fm











, . . . , ϕ
∣∣
Fm−1
, ϕ) : ϕ ∈ F ′m} ×
∏
k>m
F ′k =: D,
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where in  the inclusion ⊆ holds because the diagonal {(ϕ
∣∣
F1
, . . . , ϕ) : ϕ ∈ F ′m} is∏
km
σ(F ′k, Fk)-closed, and ⊇ is true because the injectivity of Fm ↪→ F implies that
rmF ′ is weak-dense in F ′m. Projecting onto the n-th component we obtain
rnmF
′
m = prn(D) ⊆ prn(f t(F ′) +B◦) ⊆ rnF ′ +B◦n.
Let now 2 be satisfied and let B be a bounded set in E. Then there is n ∈   with





{0}. With ε := n−2 we get











Choosem > n with rnmF
′








f t(F ′) +A◦ ⊆ {(ϕ
∣∣
Fk
















, . . . , ϕ
∣∣
Fm



















, . . . , ϕ
∣∣
Fm




















, . . . , ϕ
∣∣
Fm−1



























∈ 12εB◦k for k  n.
Therefore,





, . . . , ϕ
∣∣
Fn




















, . . . , ϕ
∣∣
Fn



















⊆ f t(F ′) +B◦.

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Now, we can give many examples of projective spectra of (LB)-spaces which are
of strong P-type having a non-distinguished projective limit. We formulate this in
the following result.
Proposition 7. Let F = indn Fn be a complete (LB)-space which is not weakly








xn. Then X (E f→ F ) is of strong P-type and the
strong dual of its projective limit is not ℵ0-quasibarrelled.
 . Since F is a regular (LB)-space, f lifts bounded sets and Proposition 5
implies that X (E f→ F ) is of strong P-type. By Lemma 3 and Proposition 6, the
inductive topology on X(E
f→ E) is strictly finer than the strong topology, and
Corollary 4 yields that X(E
f→ F )′β is not ℵ0-quasibarrelled. 
4. A question of Grothendieck
In [9, p. 121] A. Grothendieck asked whether the bidual of a strict inductive limit
of locally convex spaces (or even Fréchet spaces) equals the inductive limit of the
biduals. In [2] it is shown that this need not be the case. However, our Theorem 1
yields an affirmative answer for inductive limits of quasinormable Fréchet spaces.
Applications and related results for concrete situations (like weighted (LF)-spaces of
holomorphic functions) are given in [1].
Theorem 8. Let E = indnEn be a retractive inductive limit of quasinormable
Fréchet spaces. Then E′′ = indnE′′n holds topologically.
 . By [19], E satisfies Retakh’s condition (M), i.e. there is an increas-
ing sequence of absolutely convex 0-neighbourhoods of the steps on which almost
all topologies of the steps coincide. Taking polars, this yields that the projective
spectrum of the strong duals is of strong P-type. Since the steps are quasinormable
Fréchet spaces the projective spectrum consists of retractive (LB)-spaces. Moreover,
the projective limit of the strong duals is the strong dual of E because E is regular.
Now, Theorem 1 gives the assertion. 
Our method even leads to a more general result. According to Palamodov [13] an









→ (xn − xn−1)n∈ , x0 = 0
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is an isomorphism onto its range. Palamodov has shown that every strict inductive
spectrum is acyclic, and for (LF)-spaces many characterizations can be found in [19].
Theorem 9. Let E = indnEn be the regular inductive limit of an acyclic spec-
trum of quasibarrelled and quasinormable spaces. Then E′′ = indnE′′n holds topo-
logically.
 . Since E is regular we have E′β = ProjE
′
n,β . The transpose of σ defined
above is the map Ψ used for the definition of Proj1. Since σ is an isomorphism onto







sets. Now, the same argument as in the proof of Theorem 1 applies because each
E′n,β satisfies the strict Mackey condition. 
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